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We prove an optimal lower bound for the best constant in a class of weighted
anisotropic Poincaré inequalities.
1 introduction
In this paper we prove a sharp lower bound for the optimal constant µp,H,ω(Ω) in the
Poincaré-type inequality
inf
t∈R
‖u− t‖Lpω(Ω) 6
1
[µp,H,ω(Ω)]
1
p
‖H(∇u)‖Lpω(Ω),
with 1 < p < +∞, Ω is a bounded convex domain of Rn, H ∈ H (Rn), where H (Rn) is
the set of lower semicontinuous functions, positive in Rn \ {0} and positively 1-homogeneous;
moreover, let ω be a log-concave function.
If H is the Euclidean norm of Rn and ω = 1, then µp(Ω) = µp,E,ω(Ω) is the first nontrivial
eigenvalue of the Neumann p−Laplacian:{
−∆pu = µp|u|
p−2u in Ω,
|∇u|p−2 ∂u∂ν = 0 on ∂Ω.
Then, for a convex set Ω it holds that
µp(Ω) >
(
pip
DE(Ω)
)p
,
where
pip = 2
∫+∞
0
1
1+ 1p−1s
p
ds = 2pi
(p− 1)
1
p
p sin pip
, DE(Ω) Euclidean diameter of Ω.
This estimate, proved in the case p = 2 in [PW] (see also [B]), has been generalized the case
p 6= 2 in [AD, ENT, FNT, V] and for p→∞ in [EKNT, RS]. Moreover the constant ( pipDE(Ω))p
is the optimal constant of the one-dimensional Poincaré-Wirtinger inequality, with ω = 1, on
a segment of length DE(Ω). When p = 2 and ω = 1, in [BCDL] an extension of the estimate
in the class of suitable non-convex domains has been proved.
The aim of the paper is to prove an analogous sharp lower bound for µp,H,ω(Ω), in a
general anisotropic case. More precisely, our main result is:
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2 notation and preliminaries 2
Theorem 1.1. Let H ∈H (Rn), Ho be its polar function. Let us consider a bounded convex domain
Ω ⊂ Rn, 1 < p <∞, and take a positive log-concave function ω defined in Ω. Then, given
µp,H,ω(Ω) = inf
u∈W1,∞(Ω)∫
Ω |u|
p−2uωdx=0
∫
Ω
H(∇u)pωdx∫
Ω
|u|pωdx
,
it holds that
µp,H,ω(Ω) >
(
pip
DH(Ω)
)p
, (1)
where DH(Ω) = supx,y∈ΩH
o(y− x).
This result has been proved in the case p = 2 and ω = 1, when H is a strongly convex,
smooth norm of Rn in [WX] with a completely different method than the one presented here.
In Section 2 below we give the precise definition of Ho and give some details on the set
H (Rn). In Section 3 we give the proof of the main result.
2 notation and preliminaries
A function
ξ ∈ Rn 7→ H(ξ) ∈ [0,+∞[
belongs to the set H (Rn) if it verifies the following assumptions:
1. H is positively 1-homogeneous, that is
if ξ ∈ Rn and t > 0, then H(tξ) = tH(ξ);
2. if ξ ∈ Rn \ {0}, then H(ξ) > 0;
3. H is lower semi-continuous.
If H ∈H (Rn), properties (1), (2), (3) give that there exists a positive constant a such that
a|ξ| 6 H(ξ), ξ ∈ Rn.
The polar function Ho : Rn → [0,+∞[ of H ∈H (Rn) is defined as
Ho(η) = sup
ξ 6=0
〈ξ,η〉
H(ξ)
.
The function Ho belongs toH (Rn). Moreover it is convex on Rn, and then continuous. If H
is convex, it holds that
H(ξ) = (Ho)o(ξ) = sup
η 6=0
〈ξ,η〉
Ho(η)
.
If H is convex and H(ξ) = H(−ξ) for all ξ ∈ Rn, then H is a norm on Rn, and the same
holds for Ho.
We recall that if H is a smooth norm of Rn such that ∇2(H2) is positive definite on Rn \ {0},
then H is called a Finsler norm on Rn.
If H ∈H (Rn), by definition we have
〈ξ,η〉 6 H(ξ)Ho(η), ∀ξ,η ∈ Rn. (2)
3 proof of the payne-weinberger inequality 3
Remark 2.1. Let H ∈ H (Rn), and consider the convex envelope of H, that is the largest
convex function H such that H 6 H. It holds that H and H have the same polar function:
(H)o = Ho in Rn.
Indeed, being H 6 H, by definition it holds that (H)o > Ho. To show the reverse inequality,
it is enough to prove that (Ho)o 6 H. Then, being H the convex envelope of H, it must be
(Ho)o 6 H, that implies (H)o 6 Ho. Denoting by G(x) = (Ho)o(x), for any x there exists vx
such that
G(x) =
〈x, vx〉
Ho(vx)
, and 〈x, vx〉 6 Ho(vx)H(x), that implies G(x) 6 H(x).
Let H ∈H (Rn), and consider a bounded convex domain Ω of Rn. Throughout the paper
DH(Ω) ∈]0,+∞[ will be
DH(Ω) = sup
x,y∈Ω
Ho(y− x).
We explicitly observe that since Ho is not necessarily even, in general Ho(y− x) 6= Ho(x− y).
When H is a norm, then DH(Ω) is the so called anisotropic diameter of Ω with respect to
Ho. In particular, if H = E is the Euclidean norm in Rn, then Eo = E and DE(Ω) is the stan-
dard Euclidean diameter of Ω. We refer the reader, for example, to [CS, FFK] for remarkable
examples of convex not even functions in H (Rn). On the other hand, in [VS] some results
on isoperimetric and optimal Hardy-Sobolev inequalities for a general function H ∈ H (Rn)
have been proved, by using a generalizazion of the so called convex symmetrization intro-
duced in [AFLT] (see also [DG1, DG2, DG3]).
Remark 2.2. In generalH andHo are not rotational invariant. Anyway, ifA ∈ SO(n), defining
HA(x) = H(Ax), (3)
and being AT = A−1, then HA ∈H (Rn) and
(HA)
o(ξ) = sup
x∈Rn\{0}
〈x, ξ〉
HA(x)
= sup
y∈Rn\{0}
〈ATy, ξ〉
H(y)
= sup
y∈Rn\{0}
〈y,Aξ〉
H(y)
= (Ho)A(ξ).
Moreover,
DHA(A
TΩ) = sup
x,y∈ATΩ
(Ho)A(y− x) = sup
x¯,y¯∈Ω
Ho(y¯− x¯) = DH(Ω). (4)
3 proof of the payne-weinberger inequality
In this section we state and prove Theorem 1.1. To this aim, the following Wirtinger-type
inequality, contained in [FNT] is needed.
Proposition 3.1. Let f be a positive log-concave function defined on [0,L] and p > 1, then
inf

∫L
0
|u ′|pf dx∫L
0
|u|pf dx
, u ∈W1,p(0,L),
∫L
0
|u|p−2ufdx = 0
 >
pi
p
p
Lp
.
3 proof of the payne-weinberger inequality 4
The proof of the main result is based on a slicing method introduced in [PW] in the Lapla-
cian case. The key ingredient is the following Lemma. For a proof, we refer the reader, for
example, to [PW, B, FNT].
Lemma 3.2. Let Ω be a convex set in Rn having (Euclidean) diameter DE(Ω), let ω be a positive
log-concave function on Ω, and let u be any function such that
∫
Ω |u|
p−2uωdx = 0. Then, for all
positive ε, there exists a decomposition of the set Ω in mutually disjoint convex sets Ωi (i = 1, . . . ,k)
such that
k⋃
i=1
Ω = Ω∫
Ωi
|u|p−2uωdx = 0
and for each i there exists a rectangular system of coordinates such that
Ωi ⊂ {(x1, . . . , xn) ∈ Rn : 0 6 x1 6 di, |xl| 6 ε, l = 2, . . . ,n},
where di 6 DE(Ω), i = 1, . . . ,k.
Proof of Theorem 1.1. By density, it is sufficient to consider a smooth function u with
uniformly continuous first derivatives and
∫
Ω |u|
p−2uωdx = 0.
Hence, we can decompose the set Ω in k convex domains Ωi as in Lemma 3.2. In order to
prove (1), we will show that for any i ∈ {1, . . . ,k} it holds that∫
Ωi
Hp(∇u)ωdx > pi
p
p
DH(Ω)p
∫
Ωi
|u|pωdx. (5)
By Lemma 3.2, for each fixed i ∈ {1, . . . ,k}, there exists a rotation Ai ∈ SO(n) such that
AiΩi ⊂ {(x1, . . . , xn) ∈ Rn : 0 6 x1 6 di, |xl| 6 ε, l = 2, . . . ,n}.
By changing the variable y = Aix, recalling the notation (3) and using (4) it holds that∫
Ωi
Hp(∇u(x))ω(x)dx =
∫
AiΩi
HATi
(∇u(ATi y))pω(ATi y)dy; DH(Ω) = DHAT
i
(AiΩ).
We deduce that it is not restrictive to suppose that for any i ∈ {1, . . . ,n} Ai is the identity
matrix, and the decomposition holds with respect to the x1−axis.
Now we may argue as in [FNT]. For any t ∈ [0,di] let us denote by v(t) = u(t, 0, . . . , 0),
and fi(t) = gi(t)ω(t, 0, . . . , 0), where gi(t) will be the (n− 1) volume of the intersection of Ωi
with the hyperplane x1 = t. By Brunn-Minkowski inequality gi, and then fi, is a log-concave
function in [0,di]. Since u,ux1 and ω are uniformly continuous in Ω there exists a modulus
of continuity η(·) with η(ε) ↘ 0 for ε → 0, indipendent of the decomposition of Ω and such
that ∣∣∣∣∣
∫
Ωi
|ux1 |
pωdx−
∫di
0
|v ′|pfi dt
∣∣∣∣∣ 6 η(ε)|Ωi|,
∣∣∣∣∣
∫
Ωi
|u|pωdx−
∫di
0
|v|pfi dt
∣∣∣∣∣ 6 η(ε)|Ωi|,
and ∣∣∣∣∣
∫di
0
|v|p−2vfi dt
∣∣∣∣∣ 6 η(ε)|Ωi|.
Now, by property (2) we deduce that for any vector η ∈ Rn
|〈∇u,η〉| 6 H(∇u)max{Ho(η),Ho(−η)}.
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Then choosing η = e1 and denoting by M = max{Ho(e1),Ho(−e1)}, Proposition 3.1 gives∫
Ωi
Hp(∇u)ωdx > 1
Mp
∫
Ωi
|ux1 |
pωdx > 1
Mp
∫di
0
|v ′|pfi dt−
η(ε)|Ωi|
Mp
> pip
d
p
iM
p
∫di
0
|v|pfi dt+Cη(ε)|Ωi| >
pi
p
p
d
p
iM
p
∫
Ωi
|u|pωdx+Cη(ε)|Ωi|,
where C is a constant which does not depend on ε. Being di 6 DE(Ω), and then diM 6
DH(Ω), by letting ε to zero we get (5). Hence, by summing over i we get the thesis.
Remark 3.3. In order to prove an estimate for µp,H,ω, we could use directly property (2) with
v = ∇u
|∇u| , and the Payne-Weinberger inequality in the Euclidean case, obtaining that∫
Ω
Hp(∇u)ωdx >
∫
Ω
|∇u|p
Ho(v)p
ωdx > pi
p
p
DE(Ω)pHo(vm)p
∫
Ω
|u|pωdx,
where Ho(vm) = max
|ν|=1
Ho(ν). However, we have a worst estimate than (1) because DE(Ω) ·
Ho(vm) is, in general, strictly larger than DH(Ω), as shown in the following example.
Example 1. Let H(x,y) =
√
a2x2 + b2y2, with a < b. Then H is a even, smooth norm with
Ho(x,y) =
√
x2
a2
+
y2
b2
and the Wulff shapes {Ho(x,y) < R}, R > 0, are ellipses. Clearly we have:
DE(Ω) = 2b and DH(Ω) = 2
Let us compute Ho(vm). We have:
max
|v|=1
Ho(v) = max
ϑ∈[0,2pi]
√
(cos ϑ)2
a2
+
(sin ϑ)2
b2
= Ho(0,±1) = 1
a
.
Then DE(Ω) ·Ho(vm) = 2b
a
> 2.
references
[AD] Acosta G., Durán, R.G., An optimal Poincaré inequality in L1 for convex domains, Proc.
Amer. Math. Soc. 132, 195–202, 2004. 1
[AFLT] Alvino A., Ferone V., Lions P.-L, Trombetti G., Convex symmetrization and applications.
Ann. Inst. H. Poincaré Anal. non linéaire 14, 275–293, 1997. 3
[B] Bebendorf M., A note on the Poincaré inequality for convex domains, Z. Anal. Anwendungen
22, 751-756, 2003. 1, 4
[BCDL] Brandolini B., Chiacchio F., Dryden E.B., Langford J.J., Sharp Poincaré inequalities in a
class of non-convex sets, preprint. 1
[CS] Chern S. S., Shen Z., Riemann-Finsler geometry. Nankai Tracts in Mathematics, 6. World
Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2005. 3
[DG1] Della Pietra F., Gavitone N., Sharp bounds for the first eigenvalue and the torsional rigidity
related to some anisotropic operators. Math. Nachr. 287, 194-209, 2014. 3
References 6
[DG2] Della Pietra F., Gavitone N., Faber-Krahn inequality for anisotropic eigenvalue problems
with Robin boundary conditions. Potential Anal. 41, 1147-1166, 2014. 3
[DG3] Della Pietra F., Gavitone N., Symmetrization with respect to the anisotropic perimeter and
applications. Math. Ann. 363, 953?971, 2015. 3
[EKNT] Esposito L., Kawohl B., Nitsch C., Trombetti C., The Neumann eigenvalue problem for
the∞-Laplacian, Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 26, 119–134, 2015. 1
[ENT] Esposito L, Nitsch C., Trombetti C., Best constants in Poincaré inequalities for convex
domains, J. Conv. Anal. 20, 253–264, 2013. 1
[FFK] Farkas, C., Fodor, J., Kristaly, A., Anisotropic elliptic problems involving sublinear terms,
SACI 2015 - 10th Jubilee IEEE International Symposium on Applied Computational In-
telligence and Informatics, Proceedings 7208187, pp. 141-146, 2015. 3
[FNT] Ferone, V., Nitsch C., Trombetti, C., A remark on optimal weighted Poincaré inequalities for
convex domains, Rend. Lincei Mat. Appl. 23, 467–475, 2012. 1, 3, 4
[PW] Payne L.E., Weinberger H.F., An optimal Poincaré inequality for convex domains, Arch.
Rational Mech. Anal. 5, 286–292, 1960. 1, 4
[RS] Rossi J.D., Saintier N., On the first nontrivial eigenvalue of the ∞-Laplacian with Neumann
boundary conditions, Houston J. Math. 42, 613-635, 2016. 1
[V] Valtorta D., Sharp estimate on the first eigenvalue of the p-Laplacian, Nonlinear Anal. 75,
4974-4994, 2012. 1
[VS] Van Schaftingen J., Anisotropic symmetrization, Ann. Inst. H. Poincaré Anal. Non Linéaire
23, 539–565, 2006. 3
[WX] Wang G., Xia C. An optimal anisotropic Poincaré inequality for convex domains. Pacific J. of
Math. 258:305-326, 2012. 2
